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Phase transitions of hairy black holes in massive gravity and thermodynamic behavior
of charged AdS black holes in an extended phase space
Behrouz Mirza∗ and Zeinab Sherkatghanad†
Department of Physics, Isfahan University of Technology, Isfahan, 84156-83111, Iran
We study the thermodynamic behavior of static and spherically symmetric hairy black holes
in massive gravity. In this case, the black hole is surrounded in a spherical cavity with a fixed
temperature on the surface. It is observed that these black holes have a phase transition similar to
the liquid-gas phase transition of a Van der Waals fluid. Also, by treating the cosmological constant
Λ as a thermodynamic pressure P , we study the thermodynamic behavior of charged anti-de Sitter
black holes in an ensemble with a pressure of P and an electric potential Φ as the natural variables.
A second order phase transition is observed to take place for all the values of the electric potential
Φ.
I. INTRODUCTION
Black holes have come to be known over the past
decades to be, indeed, thermodynamic objects that can
be described by a physical temperature and an entropy
[1]. The first attempt in order to explore the thermo-
dynamic properties [2, 3] and instability of anti-de Sit-
ter (AdS) black holes date back to the paper written by
Hawking and Page [4]. Based on this successful idea,
there have been several works addressing the critical be-
havior and nature of phase transitions related to black
holes [5–17].
The thermodynamic properties of static and spheri-
cally symmetric hairy black holes was studied as the solu-
tion of massive gravity action in [18]. It has been shown
that for the negative values of the hair parameter, the
phase structure is isomorphic to a Reissner-Nordstrom
(RN) black hole in the canonical ensemble by applying
York’s procedure [19–23]. These properties motivated us
to investigate the resemblance between the critical behav-
ior of these black holes and that of the Van der Waals
fluid [24–32]. Also, we computed the critical exponents
by using two different methods described in [24, 25, 33–
36].
Recently, the idea of treating the cosmological con-
stant Λ as a thermodynamic pressure in the first law of
black hole thermodynamics has attracted a lot of atten-
tion [37–41]. Considering an extended phase space ther-
modynamics seems more meaningful for different reasons.
The most important one is the satisfaction of the Smarr
formula. Also, including Λ as a thermodynamic pressure
in the first law leads us to consider the critical behav-
ior of the black hole system by redefining new types of
ensembles. In these circumstances, the black hole mass
known as an internal energy is replaced by enthalpy. Re-
cently, the critical behavior of charged AdS black holes
such as Reissner-Nordstrom-AdS and Kerr-Newman-AdS
black holes has been investigated in the extended phase
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space (while the cosmological constant Λ is included as a
thermodynamic variable) and in the canonical ensemble
[24, 25, 42, 43]. The critical behaviors are analogous to
the liquid-gas phase transition in the Van der Waals fluid.
Also, it has been shown that the critical behavior of RN-
AdS and Gauss-Bonnet-AdS black holes at the vicinity
of the critical point is similar to the Van der Waals fluid
in both the nonextended phase space and the canonical
ensemble [26, 42]. Moreover, it is interesting to study
the thermodynamic behavior of these charged AdS black
holes in the extended phase space and an ensemble with
pressure and electric potential Φ as the natural variables.
The RN-AdS black hole experiences just a second or-
der phase transition, while Λ is not considered as a ther-
modynamic pressure in the grand canonical ensemble
[33]. Here, we investigate the thermodynamic behavior of
Gauss-Bonnet-AdS black holes in the grand canonical en-
semble. Also, the thermodynamic behavior of Reissner-
Nordstrom-AdS in the extended phase space and an en-
semble with pressure and electric potential Φ as the nat-
ural variables is studied. The results show that a second
order phase transition takes place which is independent
of the values of the electric potential Φ.
This paper is organized as follows: In Sec. II, we study
the thermodynamic behavior of hairy black holes in mas-
sive gravity and calculate their critical exponents. In
Sec. III, we study the Gibbs free energy G for Reissner-
Nordstrom-AdS and Gauss-Bonnet-AdS black holes in
the ensemble in which pressure and electric potential are
considered as variables.
II. THE CRITICAL BEHAVIOR OF HAIRY
BLACK HOLES IN MASSIVE GRAVITY
We start by reviewing the thermodynamic quantities
of hairy black holes with spontaneous Lorentz breaking
as the solution of massive gravity action. The action in
massive gravity is given by [22, 23]
I =
∫
M
d4x
√
g[− 1
16π
R + Λ4F(X,Wij)], (1)
−
∫
∂M
d3x
√
γ
1
8π
K
2where
X = Λ−4gµν∂µφ0∂νφ0, (2)
V i = Λ−4gµν∂µφi∂νφ0,
X = Λ−4gµν∂µφi∂νφj − V
iV j
X
.
Here µ and ν specify the spacetime components, and φµ
is the four scalar fields. The second integral indicates the
Gibbons-Hawking-York boundary term in which K is the
trace of the extrinsic curvature.
The static spherically symmetric black hole solutions
read as follows [18, 19]:
ds2 = α(r)dt2 + ρ(r)dr2 + r2(dθ2 + sin2θdϕ2), (3)
where
φ0 = Λ2[−it+ h(r)], (4)
φi = φ(r)
Λ2xi
r
,
F = 12
λX
+ 6(
2
λ
+ 1)ω1 − ω31 + 3ω1ω2 − 2ω3 + 12.
Here λ is a positive constant and ωn = Tr(W
n). If we
consider the above metric and equation of motion of ac-
tion in Eq. (1), the black hole solution is
α(r) = 1− 2M
r
− Q
rλ
, (5)
ρ(r) =
1
α(r)
, (6)
h(r) = ±
∫
dr
α
[1− α( Q
12m2
λ(λ − 1)
rλ+2
+ 1)−1]
1
2 , (7)
φ(r) = r, (8)
where M is the ADM mass and Q is the hair parameter.
The procedure to obtain the equilibrium thermodynam-
ics needs to enclose the asymptotically flat black hole
within a finite volume surface and then send the surface
to infinity [20, 21].
The Hawking temperature and entropy are given by
TH =
∂rα
4π
|r+ =
1 + (λ− 1) Q
rλ
+
4πr+
, (9)
S = 4πr2+. (10)
One is able to show that the first law of the black hole
system satisfies and we have dM = TdS + Φd|Q| for
these black holes, where Φ =
r1−λ
+
2 is the scalar charge
potential. Also, the Hawking temperature for an observer
at the position r can be expressed by
T (r) =
TH√
α
=
1
4πr+
1 + (λ− 1) Q
rλ
+√
1− r+r + Qrλ−1
+
r
− Qrλ
. (11)
If we consider a spherical cavity of radius rB as the
boundary and further assume that Q is a conserved quan-
tity in the cavity, we can calculate the above equation at
r = rB . Thus, the temperature at this boundary r = rB
is
T¯ (x, Q¯) =
1 + (λ − 1) Q¯
xλ
x
√
1− x
√
1 + Q¯
xλ−1
1−xλ−1
1−x
, (12)
where x = r+rB , Q¯ =
Q
rλ
B
and T¯ = 4πrBT . Also, the black
hole’s scalar charge potential is given by
Φ¯ =
1√
(1− x)(1 + Q¯xλ−1 1−x
λ−1
1−x )
1− x
x
. (13)
A. Equation of state and Gibbs free energy
Using Eqs. (12) and (13), we have the possibility to
write the equation of state, Q¯ as a function of Φ¯ and T¯
for λ = 2, in the following form:
Q¯ =
(1− Φ¯ζ + ζ2)2
1458T¯ 3ζ4
[−162T¯ ζ2 (14)
+
(1− Φ¯ζ + ζ2)3(−1 + Φ¯ζ + 3T¯ ζ − ζ2)
81T¯ ζ2
−9 (1− Φ¯ζ + ζ2)(1 − Φ¯ζ − 3T¯ ζ + ζ2)
(4 +
(1− Φ¯ζ + ζ2)4
81T¯ 2ζ4
)
1
2 ],
here,
ζ =
21/3Φ¯3
(−2Φ¯6 + 27Φ¯2T¯ 2 + 3√3
√
−4Φ¯8T¯ 2 + 27Φ¯4T¯ 4)1/3 .(15)
Also, the first law of black hole thermodynamics is
described by
dM¯ = T¯ dS¯ + Φ¯d|Q¯|, (16)
where M¯ = 2(1−
√
α(rB)) and S¯ =
x2
2 .
The scalar charge | Q¯ | is depicted with respect to Φ¯ as
”P − V ” diagram for T¯ = T¯c, T¯ > T¯c, and T¯ < T¯c in
Fig. 1. This diagram demonstrates an inflection point for
T¯ > T¯c and a critical point at T = Tc, similar to the Van
der Waals fluid. The critical values of thermodynamic
quantities at T = Tc can be calculated by using the two
equations (∂Q¯
∂Φ¯
)c = 0 and (
∂2Q¯
∂Φ¯2
)c = 0. Also, one is able
to calculate the critical values of thermodynamic param-
eters by calculating the discriminant of the denominator
of heat capacity in the canonical ensemble (fixed Q) for
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FIG. 1: Scalar charge | Q¯ | with respect to Φ¯ for T¯ > T¯c,
T¯ = T¯c, and T¯ < T¯c.
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FIG. 2: Gibbs free energy G¯ with respect to T¯ for | Q¯ |<| Q¯c |
and | Q¯ |=| Q¯c |.
λ = 2,
Q¯c =
1
−9− 4√5 , (17)
xc = 5− 2
√
5, (18)
T¯c =
2
5
√
85− 38√5
, (19)
Φ¯c = (
2√
5
+ 1)(
√
5− 2
√
5). (20)
The Gibbs free energy is defined by
G¯ = 1− (1 +
Q¯
x2 )x
4
√
(1−x)(Q¯+x)
x
−
√
(1 − x)(Q¯ + x)
x
, (21)
where G¯ = 2GrB . Considering Eqs. (12) and (21), we
can describe the thermodynamic behavior of G¯ with
respect to T¯ in Fig. 2. At | Q¯ |<| Q¯c |, the black hole
experiences just a first order phase transition at point C
and the second order phase transitions at points A and
B which are in a metastable state. For | Q¯ |>| Q¯c |, the
black hole phase transition is removed. On the other
hand, at | Q¯ |=| Q¯c |, we have the critical point D, which
is related to the second order phase transition with the
critical values of thermodynamic quantities in Eq. (17).
Also, we expand our calculations for λ = 3, 4, and the
results are similar to λ = 2. In the next subsection, we
calculate the critical exponents at this critical point.
B. Critical exponents
The critical exponent α is associated with the singular
behavior of CΦ¯. Since the specific heat at fixed Φ¯, CΦ¯
is not divergent at this critical point, we find the critical
exponent α = 0. If we expand the equation of state
Q¯(T¯ , Φ¯) near the critical values of T¯c and Φ¯c, we have
q = 1− 5.23t+ 9.47ϕt− 1.54ϕ3 + ....., (22)
where q = Q¯
Q¯c
, t = T¯
T¯c
− 1 and ϕ = Φ¯
Φ¯c
− 1. If the above
series is differentiated with respect to ϕ at a fixed t and
considering Maxwell’s equal area law
∮
Φ¯dQ¯ = 0 which
is demonstrated in [5], we have the following equation:
0 =
∫ ϕ2
ϕ1
ϕ(9.47t− 1.54× 3ϕ2)dϕ, (23)
where ϕ1 and ϕ2 are the electric potentials of the black
hole in two different phases. Since pressure Q¯ remains
constant during the phase transition, we get
q = 1− 5.23t+ 9.47ϕ1t− 1.54ϕ31 (24)
= 1− 5.23t+ 9.47ϕ2t− 1.54ϕ32.
The nontrivial solution of Eqs. (23) and (24) is given by
ϕ1 = −ϕ2 = 2.47
√
t. (25)
Based on the critical exponent β, which is defined by
η ∝ (ϕ2 − ϕ1) ∝ tβ , we get η ∝
√
t ⇒ β = 12 . For the
critical exponent γ described by kT¯ ∝ t−γ , we have
(
∂Φ¯
∂Q¯
)T =
1
9.47t
Φ¯c
Q¯c
, (26)
so
kT¯ = −
1
Φ¯
(
∂Φ¯
∂Q¯
)T ∝ − 1
9.47Q¯c
1
t
⇒ γ = 1. (27)
Also, the critical isotherm δ described at T¯ = T¯c is q−1 =
−1.54ϕ3 ⇒ δ = 3. These critical exponents of the hairy
4black hole correspond to the Van der Waals fluid. Now,
we are in a position to calculate the critical exponents
by using a different method described in [33–35] near the
critical point.
Let us consider the critical exponent α. Since the specific
heat CΦ¯ is not divergent at the critical point, we have
α = 0. Consider the parameters x and T¯ around the
critical point
x = xc(1 + ∆), (28)
T¯ = T¯c(1 + ǫ), (29)
here, ∆, ǫ ≪ 1. If Φ¯ in Eq. (13) is expanded around xc,
we have
Φ¯(x) = Φ¯(xc) + [(
∂Φ¯
∂x
)Q¯]x=xc(x− xc) (30)
+ higher order terms.
The expansion of Q¯(x, T¯ ) in Eq.(14) near the critical val-
ues of xc and T¯c is given by
Q¯(x) = Q¯(xc) + [(
∂Q¯
∂x
)](x=xc,T¯=T¯c)(x− xc) (31)
+[(
∂Q¯
∂T¯
)](x=xc,T¯=T¯c)(T¯ − T¯c)
+[(
∂2Q¯
∂x2
)](x=xc,T¯=T¯c)(x− xc)2
+[(
∂2Q¯
∂T¯ ∂x
)](x=xc,T¯=T¯c)(x− xc)(T¯ − T¯c)
+[(
∂3Q¯
∂x3
)](x=xc,T¯=T¯c)(x− xc)3
+higher order terms.
Since the specific heat CQ¯ is divergent and (
∂Q¯
∂Φ¯
)c =
(∂
2Q¯
∂Φ¯2
)c = 0 at the critical point, we can rewrite Eq. (31)
as follows:
Q¯(x) = Q¯(xc) + [(
∂Q¯
∂T¯
)](x=xc,T¯=T¯c)(T¯ − T¯c) (32)
+[(
∂2Q¯
∂T¯ ∂x
)](x=xc,T¯=T¯c)(x− xc)(T¯ − T¯c)
+[(
∂3Q¯
∂x3
)](x=xc,T¯=T¯c)(x− xc)3.
For the critical exponent β, we replace Eq. (30) and the
differential of Eq. (32) in Maxwell’s equal area law. In
this case, we find β = 12 . In order to obtain the critical
exponent γ associated with kT¯ = − 1Φ¯( ∂Φ¯∂Q¯ )T¯ ∝ ǫ−γ , we
differentiate Eqs. (30) and (32) with respect to x at a
constant T¯ ,
kT = −
T¯c[(
∂Φ¯
∂x )Q¯]x=xc
Φ¯[( ∂
2Q¯
∂T¯∂x
)](x=xc,T¯=T¯c)
ǫ−1 =⇒ γ = 1. (33)
For the critical isotherm δ described at T¯ = T¯c, we can
rewrite Eq. (32) as follows:
Q¯(x) = Q¯(xc) +
[(∂
3Q¯
∂x3 )](x=xc,T¯=T¯c)
x3c
∆3. (34)
FIG. 3: Specific heat CΦ and entropy S with respect to T for
Φ = 0.4 and P = 0.3.
Using Eqs. (30) and (34), we find δ = 3. These results
demonstrate that the two methods described above give
the same results for the critical exponents if the calcula-
tions are performed at the critical point.
III. THE CRITICAL BEHAVIOR OF
CHARGED-ADS BLACK HOLES
In this section, we study the critical behavior of RN-AdS
and Gauss-Bonnet-AdS black holes in the ensemble in
which pressure P and electric potential Φ are considered
as natural variables. In this case, we define the Gibbs
free energy in an extended phase space by
G = U + PV −QΦ− TS =M − TS −QΦ (35)
where P = − Λ8pi = 38pil2 . Also, mass M is identified with
enthalpy rather than with internal energy as long as P is
included as a variable in the first law of thermodynamics.
The critical behaviors of Reissner-Nordstrom-AdS and
Gauss-Bonnet-AdS black holes in the canonical ensemble
and an extended phase space are considered in [24, 25,
42].
A. The critical behavior of the RN-AdS black hole
Let us review the thermodynamic quantities of the RN-
AdS black hole. The metric is given by
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ22, (36)
where, f(r) = 1− 2Mr + Q
2
r2 +
r2
l2 . We consider the cosmo-
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FIG. 4: Gibbs free energy G with respect to T for Φ = 0.4
and P = 0.3. Dashed red and solid blue lines correspond
to positive and negative CΦ, respectively. At T = T1, specific
heat is divergent, and we have a second order phase transition.
Also, at this point the entropy is continuous and specific heat
is noncontinuous.
logical constant as a thermodynamic pressure P = − Λ8pi
and a conjugate thermodynamic volume as corresponding
to V = 43πr
3
+ [24]. The black hole temperature, entropy,
and specific heat are given by
T =
1
4πr+
(1 + 8πPr2+ − Φ2) (37)
S = πr2+ (38)
CΦ =
1− Φ2 + 8Pπr2+
2(4P − 1−Φ2+8Ppir
2
+
4pir2
+
)
, (39)
Since CΦ is divergent at rc+ =
√
1−Φ2
2
√
2piP
, we have a sec-
ond order phase transition at r = rc+ . The Gibbs free
energy in the ensemble with pressure P and electric po-
tential Φ as natural variables is
G =M − TS −QΦ = 1
4
(r+ − 8π
3
Pr3+ − Φ2r+). (40)
Using Eqs. (37) and (40), we plot G, CΦ and S with
respect to T for fixed values of Φ and P in Figs. 3 and
4. For T ≥ T1, there are two wings which are connected
at T1. Since the upper wing (solid line) is not the phase
with the lowest values of Gibbs free energy of the system
and also because it has a negative value for specific heat,
the black hole cannot stay in this unstable phase and
falls into the more stable phase with minimum Gibbs
free energy and positive specific heat (dashed line) at
T = T1. Specific heat CΦ is divergent at T = T1 and also
flips from positive to negative infinity. Therefore, for the
given values of Φ and P , the black hole experiences just a
second order phase transition at T = T1. The results are
the same for a zero value of Φ, i.e., the Schwarzschild-AdS
black hole, the RN-AdS black hole, in the grand canonical
ensemble, and the nonextended phase space [28, 33].
FIG. 5: Specific heat CΦ and entropy S with respect to T for
d = 6, Φ = 0.002, α = 1, and P = 0.04.
B. The critical behavior of the Gauss-Bonnet-AdS
black hole (in d ≥ 6)
The metric of the d-dimensional static charged Gauss-
Bonnet (GB)-AdS black hole is given by [42]
ds2 = −f(r)dt2 + f−1(r)dr2 + r2fijdxidxj , (41)
and
f(r) = k +
r2
2α
(1−
√
1− 4α
l2
√
1 +
m
rd−1
− q
2
r2d−4
), (42)
where α = (d − 3)(d− 4)αGB. Mass M , temperature T ,
entropy S, and potential Φ can be described as follows:
M =
Σk
32π2(d2 − 4d+ 3)rd+5+
× ((d − 1)Q2r8+ (43)
+2πr2d+ (d− 3)((d2 − 3d+ 2)(kr2+ + k2α)− 2Λr4+)),
T =
1
8π2(d− 2)r2d+1+ (2kα+ r2+)
× (−Q2r8+ (44)
+2πr2d+ ((d − 2)k((d− 3)r2+ + (d− 5)kα)− 2Λr4+)),
S =
Σk
4r2−d+
(1 +
2kα(d− 2)
(d− 4)r2+
), (45)
Φ =
QΣk
16π2(d− 3)rd−3+
, (46)
where Λ = −8πP = − (d−1)(d−2)2l2 and Σk is the volume
of a (d − 2)-dimensional hypersurface with a constant
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FIG. 6: Gibbs free energy G with respect to T for d = 6,
Φ = 0.002, α = 1, and P = 0.04. Dashed red and solid blue
lines correspond to positive and negative CΦ, respectively. At
T = T1, specific heat is divergent and we have a second order
phase transition.
curvature (d − 2)(d − 3)k. The specific heat CΦ is given
by
CΦ = T (
∂S
∂T
)Φ (47)
= −2Σk(−2 + d)
2πr−3+d(2αk + r2)3
∆
T,
where
∆ = 2α2(−5 + d)(−2 + d)k3 + (−3 + d)((−2 + d)k(48)
− 128(−3 + d)Φ2π3)r4 − (d− 1)(d− 2)
l2
r6 + αkr2
( (−9 + d)(−2 + d)k + 256(−3 + d)2Φ2π3
− 12(d− 1)(d− 2)
2l2
r2).
The specific heat is divergent when ∆ = 0. Thus, this
critical point is given by
Φc = ± 1
8
√
2(π
3
2
√
(3 − d)2r2(−2αk + r2) (49)
×(−2α2(−5 + d)(−2 + d)k3
−α(−9 + d)(−2 + d)k2r2 − k(6 + (−5 + d)d
−12α(d− 1)(d− 2)
2l2
)r4 − (d− 1)(d− 2)
l2
r6)
1
2 .
Let us consider the variation of the cosmological con-
stant Λ as the thermodynamic pressure P = (d−1)(d−2)16pil2
in an extended phase space with pressure and electric
potential Φ as the natural variables. The conjugate ther-
modynamic volume corresponds to:
V = (
∂M
∂P
)S,Q =
rd−1
d− 1 (50)
In this case, the Gibbs free energy in the ensemble with
pressure P and electric potential Φ as natural variables
is described as
G =M − TS −QΦ (51)
=
1
16π(d− 4)(d− 2)(d− 1)(r2 + 2) ×
[rd−5(2(d− 2)2(d− 1)− 2(d− 4)(d− 1)(d− 2)
2l2
r6
+(d− 2)(d− 1)(d− 8 + 256(d− 3)Φ2π3)r2
+((d− 2)(4 + (d− 5)d− 12(d− 1)(d− 2)
2l2
−128(d− 4)(d− 3)(d− 1)Φ2π3)r4))],
where Σk and k are equal to 1. Now, using Eqs. (43),
(47), and (51), we can plot the Gibbs free energy G,
the specific heat CΦ, and the entropy S with respect to
temperature T in Figs. 5 and 6. In the G − T diagram,
we have two wings which are connected at T = T1. At
phase 1 (solid line), Gibbs free energy has the positive
values for all temperatures, so the black hole is unstable
in this phase, and it falls into the more stable phase
(dashed line) by minimizing the free energy at T = T1.
Since the specific heat is divergent at T = T1, the black
hole turns into the stable phase (dashed line) through a
second order phase transition at T = T1. These results
are similar to the RN-AdS black hole in the extended
phase space.
IV. CONCLUSIONS
In this paper, the critical behaviors of static and spher-
ically symmetric hairy black holes were investigated as a
solution of massive gravity. The critical exponents of
these black holes in the canonical ensemble were calcu-
lated. We found them analogous to the critical behavior
and critical exponents of the liquid-gas system in the Van
der Waals fluid. In the second part of this paper, we in-
vestigated the critical behaviors of Reissner-Nordstrom-
AdS and Gauss-Bonnet-AdS black holes in the grand
canonical ensemble and the extended phase space by vari-
ation of the cosmological constant. In this case, the black
holes were found to experience a second order phase. The
results are generalizable to all values of Φ and P ; i.e., for
Φ = 0 (Schwarzschild black hole), the black hole experi-
ences just a second order phase transition.
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